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a b s t r a c t
A graph is called 1-planar if there exists its drawing in the plane such that each edge is
crossed at most once. We present the full characterization of 1-planar complete k-partite
graphs.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
One of the most studied areas in graph theory is related to planar graphs. The family of planar graphs is well explored;
there are hundreds of results concerning various colorings, Hamiltonicity, and local structure. Among several possibilities
how to generalize the concept of planarity, one generalization can be established in the way of allowing bounded number
of crossings per any edge in a plane drawing. A graph is called 1-planar if it can be drawn in the plane so that each its edge is
crossed by at most one other edge. The concept of 1-planarity was introduced by Ringel [14] in 1965 in the connection with
the problem of the simultaneous coloring of the vertices and faces of plane graphs (which corresponds to standard vertex
coloring of 1-planar graphs).
The family of 1-planar graphs is still not deep explored. Borodin in [1,2] proved that every 1-planar graph is 6-colorable.
Recently, in [3] there was studied the acyclic coloring (that is, a proper vertex coloring such that each cycle of a graph uses
at least three colors) of 1-planar graphs; it was proved that each 1-planar graph is acyclically 20-colorable.
The local structure and the existence of subgraphs of bounded vertex degrees in 1-planar graphs is investigated in [6] by
Fabrici and Madaras. There was proved an analogy of Kotzig’s theorem on light edges; it was proved that each 3-connected
1-planar graph contains an edge with endvertices of degree at most 20, the bound being sharp. They also showed that the
number of edges in a 1-planar graph G on n vertices is at most 4n − 8 (see also [13,15]). This implies that every 1-planar
graph contains a vertex of degree at most 7 (the bound 7 is best possible because of the existence of a 7-regular 1-planar
graph (see Fig. 1 in [6])).
The family of 1-planar graphs – though looking similar to the family of planar graphs from the point of view of local
structure – shows some fundamental differences when compared to planar graphs. In [4], it is observed that 1-planarity
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is not preserved under edge contractions, hence, 1-planar graphs are not minor closed. Furthermore, Korzhik and Mohar
in [12] showed that, for each n ≥ 63, there are at least 2(n−54)/4 non-isomorphic minimal non-1-planar graphs (that is, non-
1-planar graphs such that all their proper subgraphs are 1-planar) on n vertices; this is in sharp contrast with the fact that
the number of non-isomorphic minimal non-planar graphs on n vertices is polynomial in n. All these results indicate that
probably there exists no characterization of 1-planar graphs by Kuratowski type theorem using a finite number of forbidden
topological minors. Concerning the algorithmic aspects of graph recognition, Hopcroft and Tarjan [8] found a linear time
algorithm for testing the planarity; on the other hand, testing the 1-planarity is NP-complete, see [12].
From these observations, it follows that to prove that a certain graph is not 1-planar, one may try to show that it has a
large number of edges, or it has high chromatic number, or it contains a small non-1-planar subgraph. For the lastmentioned,
it is convenient to look for non-1-planar graphs with small number of vertices and edges. Surprisingly enough, as far as we
know, only one such graph – K3,1,1,1,1 – was given in the literature (see [11]).
In this paperwegive the full characterization of (non-) 1-planar completemultipartite graphs,whichhelp us to determine
non-1-planarity of graphs.
2. Notation
In this paper we consider connected simple graphs. We use the standard graph theory terminology by Diestel [5]. The
degree of a vertex v (the size of a face f ) in a graph G is denoted by dG(v) (resp. dG(f )). A vertex of degree k is called a k-vertex.
Similarly, a face of size k is called a k-face.
A graph G is called k-partite if its vertex set can be divided into k non-empty mutually disjoint subsets, called parts, such
that every edge of G has its ends in different parts. Furthermore, a complete k-partite graph Ka1,...,ak is a k-partite graph in
which every two vertices from different parts are adjacent.
We will use the following notation taken from [6]. Let G be a 1-planar graph and let D = D(G) be a 1-planar drawing of
G (that is, a drawing of G in the plane in which every edge is crossed at most once; we will also assume that no edge is self-
crossing and adjacent edges do not cross). Given two non-adjacent edges pq, rs ∈ E(G), the crossing of pq, rs is the common
point of two arcs
⌢
pq,
⌢
rs ∈ D (corresponding to edges pq, rs). Denote by C = C(D) the set of all crossings in D and by E0 the set
of all non-crossed edges in D. The associated plane graph D× = D×(G) of D is the plane graph such that V (D×) = V (D) ∪ C
and E(D×) = E0 ∪ {xz, yz|xy ∈ E(D)− E0, z ∈ C, z ∈ xy}. Thus, in D×, the crossings of D become new vertices of degree 4;
we call these vertices false. Vertices of D× which are also vertices of D are called true. Similarly, the edges and faces of D×
are called false, if they are incident with a false vertex, and true otherwise.
Note that a 1-planar graph may have different 1-planar drawings, which lead to non-isomorphic associated plane
graphs.
The crossing number cr(G) of a graph G is the minimum number of crossings in any plane drawing of G. Let max cr1(G)
denote the maximum possible number of crossings in any 1-planar drawing of a 1-planar graph G. From these definitions
we immediately have:
Observation 2.1. Let G be a 1-planar graph. Then cr(G) ≤ max cr1(G).
Lemma 2.1. Let G be a 1-planar graph with m edges. Then
max cr1(G) ≤
m
2

.
Proof. In G, every crossing arises from two different edges. Therefore, the maximum number of crossings is at most the half
of the number of edges. 
Many authors independently proved the following lemma, see e.g. [6,13,15].
Lemma 2.2. Let G be a 1-planar graph on n vertices and m edges. Then m ≤ 4n− 8.
Without mentioning in each case, we will use the property that any subgraph of a 1-planar graph is also 1-planar. Similarly,
any supergraph of a non-1-planar graph is also non-1-planar.
3. 1-planar complete graphs
Since K6 is 1-planar (see Fig. 1) the complete graphs Ka1 , a1 ≤ 6, are 1-planar, too.
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Fig. 1. A 1-planar drawing of the complete graph K6 .
From Lemma 2.2 it follows that the complete graph Ka1 is not 1-planar for a1 ≥ 7.
4. 1-planar complete bipartite graphs
The graphs Ka1,1 and Ka1,2 are planar, hence, 1-planar for any a1 ≥ 1.
Kleitman [10] determined the exact values of crossing numbers for complete bipartite graphs, where the smaller part
contains at most 6 vertices:
Theorem 4.1. Let Ka1,a2 be a complete bipartite graph. Then
cr(Ka1,a2) =
a1
2

·

a1 − 1
2

·
a2
2

·

a2 − 1
2

, for a1 ≥ 1, a2 ≤ 6.
Using Kleitman’s result we can prove the following lemma.
Lemma 4.1. A complete bipartite graph Ka1,a2 is not 1-planar for a1, a2 ≥ 5.
Proof. Assume that K5,5 is 1-planar. From Lemma 2.1 it followsmax cr1(K5,5) ≤ 12. Theorem 4.1 implies that cr(K5,5) = 16.
cr(K5,5) > max cr1(K5,5), a contradiction to Observation 2.1.
If a1, a2 ≥ 5, then every graph Ka1,a2 contains K5,5 as a subgraph, so it cannot be 1-planar. 
Proposition 4.1. A complete bipartite graph Ka1,3 is 1-planar for a1 ≤ 6.
If a1 ≤ 6, then Ka1,3 is a subgraph of K6,3. Fig. 2 shows a 1-planar drawing of K6,3.
Fig. 2. A 1-planar drawing of the graph K6,3 .
Lemma 4.2. If a1 ≥ 7, then Ka1,3 is not 1-planar.
Proof. Assume that K7,3 is 1-planar. Let D be a 1-planar drawing of K7,3 and D× be its associated plane graph. From
Theorem 4.1 it follows that cr(K7,3) = 9 and therefore D× has at least 9 false vertices. Consequently, in D, at least 18 edges
are crossed, thus, D× has at most 3 true edges. The graph D× may contain at most six 3-faces (Each 3-face must be incident
with a false vertex, because D is bipartite. Hence, each 3-face must be incident with one true edge).
By Euler’s formula, it holds
v∈V (D×)
(dD×(v)− 4)+

f∈F(D×)
(dD×(f )− 4) = 4(|E(D×)| − |V (D×)| − |F(D×)|) = −8,
where F(D×) is the set of faces of D×.
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The graph D× contains three vertices of degree 7, seven vertices of degree 3, and several vertices of degree 4, hence,
v∈V (D×)(dD×(v) − 4) = 2. Since D× contains at most six 3-faces, it follows that

f∈F(D×)(dD×(f ) − 4) ≥ −6. In total,
v∈V (D×)(dD×(v)− 4)+

f∈F(D×)(dD×(f )− 4) ≥ −4 and the Euler’s formula cannot be satisfied. It means, there does not
exist a 1-planar drawing of K7,3.
Since every Ka1,3, a1 ≥ 7, contains K7,3 as a subgraph, it cannot be 1-planar. 
Proposition 4.2. A complete bipartite graph Ka1,4 is 1-planar for a1 ≤ 4.
If a1 ≤ 4, then Ka1,4 is a subgraph of K4,4. Fig. 3 shows a 1-planar drawing of K4,4.
Fig. 3. A 1-planar drawing of the graph K4,4 .
Lemma 4.3. If a1 ≥ 5, then Ka1,4 is not 1-planar.
Proof. We use similar arguments as in the proof of Lemma 4.2. From Theorem 4.1 it follows that cr(K5,4) = 8, hence D× has
at least 8 false vertices. Therefore, in D, there may be at most 4 non-crossed edges. It means that in D×, there are at most
eight 3-faces.
Similarly as in the proof of Lemma 4.2 we get

v∈V (D×)(dD×(v) − 4) +

f∈F(D×)(dD×(f ) − 4) ≥ −4, that contradicts
Euler’s formula. 
In what follows, for Ka1,...,ak , k ≥ 3, we will assume that a1 ≥ · · · ≥ ak.
5. 1-planar complete 3-partite graphs
If a2 = 1, then obviously Ka1,1,1 is 1-planar for any a1 ≥ 1.
Assume now that a2 ≥ 2. Then a1 ≤ 6 otherwise Ka1,a2,a3 contains K7,3 as a subgraph which is not 1-planar. According
to a1, we distinguish several cases.
1. If a1 = 6 or a1 = 5, then a2 + a3 ≤ 3 since otherwise Ka1,a2,a3 contains K5,4 as a subgraph which is not 1-planar. This
gives a1 = 6, a2 = 2, a3 = 1 or a1 = 5, a2 = 2, a3 = 1, respectively. The graph K6,2,1 is 1-planar, see Fig. 4. Since
K5,2,1 ⊂ K6,2,1, the graph K5,2,1 is 1-planar.
Fig. 4. A 1-planar drawing of the graph K6,2,1 .
2. If a1 = 4, then a2 + a3 ≤ 4. Therefore, for K4,a2,a3 , there are three possibilities: K4,2,2, K4,2,1 and K4,3,1. Fig. 5 shows a
1-planar drawing of K4,2,2, hence K4,2,2 and its subgraph K4,2,1 are 1-planar.
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Fig. 5. A 1-planar drawing of the graph K4,2,2 .
Lemma 5.1. The complete 3-partite graph K4,3,1 is not 1-planar.
Proof. The graph K4,3,1 has 8 vertices and 19 edges. Color the vertices from the i-th part with color αi.
Assume that M is a 1-planar drawing of K4,3,1 with the minimum number of crossings. Let c denote the number of
crossings inM and letM× be the associated plane graph ofM . ThenM× has 8+c vertices and 19+2c edges. From Euler’s
formula it follows that the number of faces ofM× is 13+ c .
Huang and Zhao [9] proved that the crossing number of the complete 3-partite graph K4,n,1 equals n(n−1), for n ≥ 1.
Consequently, cr(K4,3,1) = 6, hence, there are at least 6 crossings inM , i.e. c ≥ 6.
Let t and f3 denote the number of true edges and 3-faces inM×, respectively. First we show that, inM×, there are at
least 4 true edges.
In M×, there are two types of 3-faces: false and true 3-faces. If a 3-face contains a false vertex, then exactly one of
its edges is true. Hence, there are at most 2t false 3-faces. If a 3-face contains only true vertices, then these vertices are
colored in K4,3,1 with three different colors. The graph K4,3,1 contains three edges, each of themwith endvertices of colors
α2 and α3. Therefore, there are at most 2 · 3 = 6 true 3-faces.
By Euler’s formula, it holds
x∈V (M×)
(dM×(x)− 4)+

f∈F(M×)
(dM×(f )− 4) = 4(|E(M×)| − |V (M×)| − |F(M×)|) = −8,
where F(M×) is the set of faces ofM×.
M× contains one vertex of degree 7, three vertices of degree 5, and 4 + c vertices of degree 4; hence,
x∈V (M×)(dM×(x)− 4) = 6. So

f∈F(M×)(dM×(f )− 4) = −14, hence, the number of 3-faces is at least 14.
We showed that 14 ≤ f3 ≤ 6+ 2t , hence, t ≥ 4. Therefore the number of crossings inM is at most 7, i.e. c ≤ 7.
Thus, there are two possibilities: either c = 7 or c = 6.
If c = 7, thenM× has 15 vertices and 33 edges. Any plane triangulation on 15 vertices contains 39 edges, thereforeM×
has some faces of size at least 4. Observe that no two true vertices ofM× incident with the same face of size at least four
are joined by a crossed edge inM , since otherwise we can decrease the number of crossings which is a contradictionwith
the minimality of the number of crossings in M . Since K4,3,1 is 3-connected, the graph M× is also 3-connected (see [6],
Lemma 2.1). No two false vertices are adjacent inM×, hence, we can add toM× six edges which join only true vertices.
Nomultiple edges arise, since otherwise the corresponding endvertices form a 2-vertex-cut ofM×. In this waywe obtain
a 1-planar drawing of a 1-planar graph with 8 vertices and 25 edges, a contradiction to Lemma 2.2.
If c = 6, thenM× has 7 true edges; consequently the number of 3-faces with a false vertex is at most 14 in the graph
M×.
Fig. 6 shows all possible crossings inM .
Fig. 6. Possible crossings.
The number of type A crossings in M is at least 4, since otherwise the number of false 3-faces in M× is at least
3 · 2+ 3 · 3 = 15. Consequently, the number of false 3-faces incident with an α1α2-edge (the endvertices have colors α1
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and α2) is at least 4 · 2+ 2 · 1 = 10 (each false 3-face is incident with exactly one false vertex). Every α1α2-edge inM×
is incident with at most two false 3-faces. Hence, at least five α1α2-edges are inM×. K4,3,1 contains 12 α1α2-edges, thus
at most 7 of them are crossed inM . This contradicts the fact thatM contains at least four type A crossings. 
3. If a1 = 3, then a2 + a3 ≤ 6. Therefore, for K3,a2,a3 there are five possibilities: K3,2,1, K3,2,2, K3,3,1, K3,3,2, and K3,3,3. Since
K3,2,1 ⊂ K3,2,2 ⊂ K4,2,2 the graphs K3,2,2 and K3,2,1 are 1-planar.
Fig. 7 shows a 1-planar drawing of K3,3,1.
Fig. 7. A 1-planar drawing of the graph K3,3,1 .
Lemma 5.2. The complete 3-partite graph K3,3,2 is not 1-planar.
Proof. The graph K3,3,2 has 8 vertices and 21 edges. Color the vertices from the i-th part with color αi.
Assume that M is a 1-planar drawing of K3,3,2 with the minimum number of crossings. Let c denote the number of
crossings inM and letM× be the associated plane graph ofM . ThenM× has 8+c vertices and 21+2c edges. From Euler’s
formula it follows that the number of faces ofM× is 15+ c .
Ho [7] proved that the crossing number of the complete 3-partite graph K3,3,2 equals 7, hence, there are at least 7
crossings inM , i.e. c ≥ 7.
Any plane triangulation on 8+ c vertices contains 18+ 3c edges. Similarly, as in the proof of Lemma 5.1 we can add
c − 3 edges to M× which join only true vertices. In this way we obtain a 1-planar drawing of a 1-planar graph with 8
vertices and at least 25 edges, a contradiction to Lemma 2.2. 
The graph K3,3,3 is not 1-planar because K3,3,2 ⊂ K3,3,3 and the graph K3,3,2 is not 1-planar.
4. If a1 = 2, then there are two possibilities for K2,a2,a3 : K2,2,1 and K2,2,2. Each of them is 1-planar because K2,2,1 ⊂ K2,2,2 ⊂
K3,2,2.
6. 1-planar complete 4-partite graphs
In this case a1 ≤ 6 because a2 + a3 + a4 ≥ 3 (otherwise Ka1,a2,a3,a4 contains K7,3 as a subgraph, which is not 1-planar).
1. If a1 = 6 or a1 = 5, then a2 = a3 = a4 = 1 (otherwise Ka1,a2,a3,a4 contains K5,4 as a subgraph, which is not 1-planar).
Fig. 8 shows a 1-planar drawing of K6,1,1,1 hence K6,1,1,1 and its subgraph K5,1,1,1 are 1-planar.
Fig. 8. A 1-planar drawing of the graph K6,1,1,1 .
2. If a1 = 4, then a2 + a3 + a4 ≤ 4. There are only two possibilities for K4,a2,a3,a4 : K4,1,1,1 and K4,2,1,1. K4,1,1,1 ⊂ K5,1,1,1,
hence K4,1,1,1 is 1-planar. On the other hand K4,2,1,1 ⊃ K4,3,1, so K4,2,1,1 is not 1-planar.
3. If a1 = 3, then a2 + a3 + a4 ≤ 6. There are six possibilities for K3,a2,a3,a4 : K3,1,1,1, K3,2,1,1, K3,2,2,1, K3,2,2,2, K3,3,1,1, and
K3,3,2,1.
The graphs K3,2,2,2 and K3,3,2,1 contain K5,4 as a subgraph, hence they are not 1-planar.
Next, K3,1,1,1 ⊂ K3,2,1,1 and Fig. 9 shows a 1-planar drawing of K3,2,1,1, hence these graphs are 1-planar.
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Fig. 9. A 1-planar drawing of the graph K3,2,1,1 .
Since K3,2,2,1 ⊃ K4,3,1 and K3,3,1,1 ⊃ K3,3,2 the graphs K3,2,2,1 and K3,3,1,1 are not 1-planar.
4. If a1 = 2, then K2,a2,a3,a4 ⊆ K2,2,2,2. Fig. 10 shows a 1-planar drawing of K2,2,2,2, hence K2,a2,a3,a4 is 1-planar.
Fig. 10. A 1-planar drawing of the graph K2,2,2,2 .
5. For a1 = 1 we have K1,1,1,1 = K4 which is 1-planar.
7. 1-planar complete 5-partite graphs
In this case a1 ≤ 4 because a2 + a3 + a4 + a5 ≥ 4.
1. If a1 = 4, then a2 = a3 = a4 = a5 = 1. Since K4,1,1,1,1 ⊃ K4,3,1, the graph K4,1,1,1,1 is not 1-planar.
2. If a1 = 3, then a2+a3+a4+a5 ≤ 6. There are four possibilities for K3,a2,a3,a4,a5 : K3,1,1,1,1, K3,2,1,1,1, K3,2,2,1,1, and K3,3,1,1,1.
Korzhik in [11] proved that the graph K7 − E(K3) (the graph obtained from K7 by removing three edges which form a
3-cycle) is not 1-planar. Notice that K3,1,1,1,1 = K7 − E(K3) so it is not 1-planar. Since K3,1,1,1,1 ⊆ K3,a2,a3,a4,a5 the graphs
K3,a2,a3,a4,a5 are not 1-planar.
3. If a1 = 2, then there are five possibilities for K2,a2,a3,a4,a5 : K2,1,1,1,1, K2,2,1,1,1, K2,2,2,1,1, K2,2,2,2,1, and K2,2,2,2,2. The graphs
K2,2,2,2,1 and K2,2,2,2,2 are not 1-planar because they contain K5,4 as a subgraph. Next, K2,2,2,1,1 ⊃ K4,3,1 so K2,2,2,1,1 is not
1-planar. Fig. 11 shows a 1-planar drawing of the graph K2,2,1,1,1. Hence K2,2,1,1,1 and its subgraph K2,1,1,1,1 are 1-planar.
Fig. 11. A 1-planar drawing of the graph K2,2,1,1,1 .
4. For a1 = 1 we have K1,1,1,1,1 = K5 which is 1-planar.
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8. 1-planar complete 6-partite graphs
If we have a complete 6-partite graph, then a1 ≤ 3. If a1 = 3, then K3,a2,a3,a4,a5,a6 contains K3,1,1,1,1 so the graphs
K3,a2,a3,a4,a5,a6 are not 1-planar. If a1 = 2, then K2,a2,a3,a4,a5,a6 contains K2,1,1,1,1,1 = K7 − e ⊃ K7 − E(K3), which is not
1-planar by Korzhik [11] (here K7 − e is a graph obtained from K7 by removing one edge). In the case a1 = 1 we have
K1,1,1,1,1,1 = K6 which is 1-planar.
9. 1-planar complete k-partite graphs, k ≥ 7
For k ≥ 7, the graph Ka1,...,ak contains K7 as a subgraph, hence it cannot be 1-planar.
10. Summary
In the following table we collect our results and present a list of all 1-planar complete k-partite graphs. The notation of
sizes of parts of vertices is the following: a−bmeans the set ⟨a, b⟩∩Z (the interval of integers); a-means all integers greater
or equal to a.
k 1-planar complete k-partite graphs
2 K1−,1; K2−,2; K3−6,3; K4,4
3 K1−,1,1; K2−6,2,1; K2−4,2,2; K3,3,1
4 K1−6,1,1,1; K2−3,2,1,1; K2,2,2,1−2
5 K1−2,1,1,1,1; K2,2,1,1,1
6 K1,1,1,1,1,1
Note that from these results it follows: If a graph G contains one of the graphs K7,3, K5,4, K4,3,1, K3,3,2, or K3,1,1,1,1, then G
is not 1-planar. Moreover, if a non-1-planar graph contains a complete multipartite graph, then it contains at least one from
the list above. Therefore, when we want to prove that a given graph is non-1-planar by using graphs on small number of
vertices, complete multipartite graphs can be helpful.
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